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a) Fie sirul (x,,),s1 Cu termenul general:
xn = {Vn2 +3n+ 2} + {Vn? + 5n + 6} + {¥n? + 7n + 12}.

Calculati lim x,. Notam cu {a} partea fractionara a numarului real a.
n—-oo

b) Fie sirul (x,,),s, Cu termenul general:
Xy TP {\/nZ +Qk+Dn+k(k+ 1)}. Aritati ca lim x, € (Vp. p).

Rezolvare si barem:

a n?+3n+2=Mm+1Dn+2)
n?+5n+6=m+2)(n+3)
n?+7n+12=m+3)(n+4)

M+1)2<(m+1DM+2)<m+2)2<=>n+1D)<Jn+1Dn+2) <(n+2)

=> [\/m1=n+1 =>

=>{Vn2+3n+2}=vn2+3n+2-(n+1) = el 1p
{ } ,/n2+3n+2+(n+1)

Analog, [Vn? +5n+ 6] =n+2 =>

=>{Vn2+5n+6}=Vn2+5n+6—(n+2) = nte
Vn2+5n+6 + (n+2)
si[VRZ+7n+12]=n+3 =>

=>{Vn2+7n+12} =Vn2+7n+12 — (n+3) = nes 1p
Vn2+7n+12 + (n+3)
1 1 1 3
Tlll_r)?oxn——+5+——5 ................................................. 1p

b) Conform pct. a),
{Jn2+(2k+1)n+k(k+1)}=Jn2+(2k+1)n+k(k+1) —(n+k)=

B n+k

2+ 2k+Dn+k(k+1) + (n+k)

izo{JnZ+(2k+1)n+k(k+1)}=%+%+-~+%=7 .............. 1p

p+1
Dem. ci: \/p < — < Y
em. ca: /p > p P
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Fie a, b, ¢ numere intregi, nu toate nule si k € Z, astfel incét:

a b c
kc a b|=0. Sase arate cd numarul k este cub perfect.
kb kc a

Rezolvare si barem:

a b c
d=|kc a b|=a®+ kb3 +k?® —3abck = 1p
kb kc a
= &3+ (¥kb) + (VEZ) = 3a(VED)(VEZS) e 1p
= 2(a+ ¥Rb + V&Z) [(a - VD) + (a = VAZ) + (kb = VAZE) | oo 1p
3 3
d=0 =>a+ Vkb+Vk?c=0 => a= —Vkb - Vi’ }=>
dara,b,c € Z nu toate nule,k € Z
=> VksiVkZ € Z => kcubperfect, k =x3,x €Z=>a= —xb—x*c€Z..2p
Sau

=> (a— Vkb)" + (a — V&%) + (Vb — VkZc) =0 =

a—Vkb=0
> a—-VkZ2c=0 <=>
Vkb —Vk2c =0

a=3k2cez =>kcubperfect, k=x3,x€Z ... 2p

a=3kbez
<=>
Wb=WCEZ
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Fie functia f:(0,%0) — (0,) . Aratati ca urmatoarele doua afirmatii sunt echivalente:

1) hmf()—Os lim M_oo(v)g>o

1+¢&
2) lim ns () =1
x—oo InXx

Rezolvare si barem:

1)=>2) lim ff’jz_o > 3 my>0 astfel incat f1(+1<1, Vv X>my
lim £ = DOS1LVxome 1p
x—>oox

Fie m=max(my, m, 1) atunci x*~¢< f(x) < x**¢ vx > m => Inx'~*<In f(x) <lnx'** vx >

m=>1-glhx<nfx)<1+e)lhx=>1—-¢e< “:ﬁ(x) < 1+ ¢ pentru ¢ ales arbitrar si
x>mdeci lim2£%=1 2p
x—oo Inx
2) =>1) Fie e > 0,
lim 2X9=1 =5 3 m>1 astfel incat 1- £ < L0 148 NVx>m=> 1p
x—oo Inx 2 Inx 2
(- )nx<Inf(x) < (1+) Inx,vx >m
= &
In x""z< Inf(x)<In x'*z ,vx > m,
Din monotonia functiei In => x* 2< f(X)< x'*2, Vx> m..... 1p
£52<x2 Vx > m deci hm f1(+1—0 ............. 1p
(x) ~ Vx > m deci lim fx) ............... 1p
x—o X

x2
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a) Fie A € M,(R) siC=| | | € My 1(R). Demonstrati cd suma elementelor de pe fiecare
1
linie a matricei A este egala cu 2 dacd si numaidaca A-C = 2-C.

b) Daca B = (bij)i,j=1,_n’ B € M, (R) are proprietatea ca Y7, b;; = A€ R, (V)i = 1,n,
aratati ca suma elementelor de pe fiecare linie a matricei B™ este egala cu A", (V)n €
N*.

C) Fie M = (mij)i’j

elementelor matricei M*.

- M € M, (R), astfel incét ¥.7_, m;; = 4, (V)i = 1,n. Aflati suma

Rezolvare si barem:

Q) CAlCUN TITBCT ...t (2p)

b) Cerinta <=> P(n): B"-C = A" - C,(¥)n € N* prin inductie matematica
Etapa de verificare: P(1): B+ C = A-C in baza punctului anterior ~ ............. (1p)
Etapa de demonstratie: Din B¥ - € = A¥-C => B¥*1.C = 2**1.C
B-B*-C=B-(A*-C) <=> B*¥'-c= A*-(B-C) <=>
<=>B*1.Cc= k. (1-C)<=>Bk1.c= 1.C
Concluzie: B™-C = A™-C,(V)n € N* <=> suma elementelor de pe fiecare linie a
matricei B™ este egald cuA™, (V)T € N™. oot (2p)

¢) Folosind punctul b), suma elementelor de pe fiecare linie a matricei M* este 256, deci
suma elementelor [Ui M#* @Ste 256 * 71 ..oocviieiieeceeceeeee e (2p)



